Based on the relativistic theory of superstrong magnetic field (SMF), by using three models of Lai (LD), Fushiki (FGP), and ours (LJ), we investigate the influence of SMFs due to strong electron screening (SES) on the nuclear reaction 23 Mg (p, γ) 24 Al in magnetars. At relatively low density environment (e.g., ρ 7 < 0.01) and 1 < B 12 < 10 2 , our screening rates are in good agreement with those of LD and FGP. However, in relatively high magnetic fields (e.g., B 12 > 10 2 ), our reaction rates can be 1.58 times and about three orders of magnitude larger than those of FGP and LD, respectively (B 12 , ρ 7 are in units of 10 12 G, 10
Introduction
In the dense sites of universe, such as novae, X-ray bursts and supernova, there are explosive hydrogen burning process in high temperature and high hydrogen environments.
This burning is called the rapid-proton (rp) process (Wallace et al. 1981) . In the stage of hydrogen burning, the proton capture reactions and β + -decays (rp-process) will be ignited in the nuclei whose mass numbers A > 20. For example, the timescale of the proton capture reaction of 23 Mg in the Ne-Na cycle at sufficient high temperature is shorter than that of the β + -decay. Therefore, some 23 Mg will kindle and escape from the Ne-Na cycle by proton capture. The 23 Mg leaks from the Ne-Na cycle into the Mg-Al cycle synthesizing a large amount of heavy nuclei. Thus the reaction 23 Mg (p, γ) 24 Al in stellar environment is an important reaction for producing heavy nuclei. Wallace et al. (1981) firstly discussed the reaction rate of 23 Mg (p, γ) 24 Al. Then, Iliadis et al. (2001) also investigated this nuclear reaction rate. Kubono et al. (1995) reconsidered the rate by considering four resonances and the structure of 24 Al. Based on some new experimental information on 24 Al excitation energies, Herndl et al. (1998) ; Visser et al. (2007) , and Lotay et al. (2008) carried out an estimation of the rate. However, they all seem to have overlooked the influence of electron screening on nuclear reaction.
In the pre-supernova stellar evolution and nucleosynthesis, the strong electron screening (SES) is always a challenging and interesting problem. Some works (Bahcall et al. 2002; Liu 2013 Liu , 2014 have been done on stellar weak-interaction rates and thermonuclear reaction rates. In the high-density surrounding, some SES models have been widely investigated, such as Salpeter model (Salpeter 1954; Salpeter et al. 1969 ),
Graboske model (Graboske et al. 1973 ), and Dewitt model (Dewitt et al. 1976) . Recently these issues were discussed by Liolios et al. (2000 Liolios et al. ( , 2001 , Kravchuk et al. (2014), and Liu (2013) . However, they neglected the effects of SES on thermonuclear reaction rate in superstrong magnetic field (SMF).
It is widely known that nuclear reaction rates at low energies play a key role in energy generation in stars and the stellar nucleosynthesis. The bare reaction rates are modified in stars by the screening effects of free and bound electrons. The knowledge of the bare nuclear reaction rates at low energies is important not only for the understanding of various astrophysical nuclear problems, but also for assessing the effects of host material in low energy nuclear fusion reactions in matter.
It is universally accepted that the surface dipole magnetic field strengths of magnetars are in a range from 10 13 to 10 15 G (Peng et al. 2007; Gao et al. 2011 Gao et al. , 2013 Gao et al. , 2015 Gao et al. , 2017 Li et al. 2016; Lai 2001) . The momentum space of the electron gas is modified substantially by so intense magnetic fields. The electron Fermi energy and nuclear reaction are also affected greatly by a SMF in magnetars.
Anamalou x-ray pulsars (AXPs) and soft gamma-ray repeaters (SGRs) are conceived as magnetars, which are a kind of special pulsars powered by their magnetic energy (Duncan 1992 ). The Fermi energy of the electrons will increase with magnetic field and quantum effects of electron gas will be very obvious in a SMF. As we all know, the positive energy levels of electrons must abide by Landau quantization. The distribution of the electron in the momentum space will be strongly modified by a SMF. Some authors discussed this issue in detail in strong magnetic fields of magnetars. For instance, Gao et al. (2015 Gao et al. ( , 2017 investigated not only the spin-down and magnetic field evolutions, but also the electron Landau level effects on emission properties of magnetars.
In this paper, according to the relativistic theory in a SMF (Peng et al. 2007; Gao et al. 2011 Gao et al. , 2013 Gao et al. , 2015 Gao et al. , 2017 , we discuss the problem of SES and then investigate the effect of SES on the thermonuclear reaction within three different models (i.e., our model (LJ), Lai model (LD) (Lai et al. 1991; Lai 2001) , and Fushiki model (FGP) (Fushiki et al. 1989 )) on the surface of magnetars.
Our work differs from previous work of (Dewitt et al. 1976 ), and Liolios model (Liolios et al. 2000) , in which the SMF were not taken into consideration. Maybe SES universally occur in pulsars, and the screening rate calculations in a SMF is of importance to the future studies on cooling, nucleosynthesis,and emission properties of magnetars.
In this paper, following the works of Peng et al. (2007) , and Gao et al. (2011 Gao et al. ( , 2013 Gao et al. ( , 2015 Gao et al. ( , 2017 , we calculate the resonant reaction rates in the case with SMF and without SMF in several screening models. In the case of the former, the results from LD and FGP models will be compared with those of our model, while in the latter case, the results from
Dewitti and Liolio models also will be compared. We derive new results for SES theory and the screening rates for nuclear reaction in relativistic strong magnetic fields.
The article is organized as follows. In the next Section, we analyse three SES models in a SMF of magnetars. In Section 3 we discuss the effects of SES on the proton capture reaction rate of 23 Mg, in which the four resonances contributions will also be considered.
The results and discussions will be shown in Section 4. The article is closed with some conclusions in Section 5.
The SES in SMF
In astrophysical systems, the SMF may have significant influence on the quantum processes. In this Section, we will study three models of the electron screening potential (ESP) in SMF, i.e., LJ model, LD model, and FGP model.
ESP in our model
The rate of nuclear reaction in high density matter is affected by the fact that the clouds of the electrons surrounding nuclei alter the interactions among nuclei. The positive energy levels of electrons in SMF are given by (Landau et al. 1977) ε n m e c 2 = [(
where Θ = 1 + 2(n + = 4.414 × 10 3 G is the electron quantum critical magnetic field, and p z is the electron momentum along the field, σ is the spin quantum number of an electron, when n = 0,σ = 1/2, and when n ≥ 1, σ = ±1/2.
In an extremely strong magnetic field (B ≫ B cr ), the Landau column becomes a very long and narrow cylinder along the magnetic field. According to the Pauli exclusion principle, the electron number density should be equal to its microscopic state density. By introducing the electron Landau level stability coefficient, the Fermi energy of the electron is given by (Gao et al. 2013; zhu et al. 2018 )
where ρ 0 = 2.8 × 10 14 g/cm 3 is the standard nuclear density. 
According to Eq.(5), the Thomas-Fermi screening wave-number K LJ TF is given by (Ashcroft et al. 1976 )
By using the uniform electron gas model (Kadomtsev 1971) , the binding energy of the magnetized condensed matter at zero pressure can be estimated. The energy per cell can be written as
where the first term is the kinetic energy and the second term is the lattice energy.
r i = z 1/3 r e a 0 is the Wigner-Seitz cell radius, a 0 = 0.529 × 10 −8 cm is the Bohr radius, and r e = (3/4πn e ) 1/3 is the mean electron spacing. z j is the charge number of the species j. 
By using linear response theory, the energy correction per cell due to non-uniformity is given by (Lattimer et al. 1985 )
For the relativistic electrons, the influence from exchange free energy were discussed by Refs. Stolzmann et al. (1996) ; Yakovlev et al. (1989) . Their works showed that the correlation correction is very small. Therefore, in this paper we have neglected the correction of Coulomb exchange free energy interaction in the electron gas model. By taking into consideration of the Coulomb energy and Thomas-Fermi correction due to non-uniformity of the electron gas, the energy per cell should be corrected as
For two interaction nuclides, the energy required to bring two nuclei with nuclear charge numbers z 1 and z 2 so close together that they essentially coincide differs from the bare Coulomb energy by an amount which in the Wigner-Seitz approximation is
where z 12 = z 1 + z 2 . If the electron distribution is rigid, the contribution to from E s the bulk electron energy cancel in expression (11), and the screening potential is simply given as
where we assume the electron density is uniform, and the screening potential is independent of the magnetic field.
From expression (9), the change of the screening potential due to the compressibility of the electrons in the zero-pressure magnetized condensed matter can obtained as
In accordance with the above discussions, the total screening potential is the sum of the screening potential with a uniformity distribution and a corrected screening potential with a non-uniformity distribution. The screening potential in SMF is given by
ESP in LD model
Lai (2001) and Lai et al. (1991) discussed the equation of state and the electron energy in a SMF. In a SMF the electron number density n e is related to the chemical potential U e
where
12 cm is the electron cyclotron radius (the characteristic size of the wave packet), and E = [c 2 p 2 z + m e c 4 (1 + nb)] 1/2 is the free electron energy, g n is the spin degeneracy of the Landau level, g 00 = 1 and g n0 = 2 for n 1, and the Fermi-Dirac distribution is given by
The electron Fermi energy including the electron rest mass is given by
where the thermal wavelength of the electron is λ Te = (2π 2 /m e kT ) 2 , and the Fermi integral is written as
The binding energy of the magnetized condensed matter at zero pressure can be estimated using the uniform electron gas model. Under the condition of super-strong magnetic field, the Fermi energy U F is less than the cyclotron energy ω ce , the electrons only occupy the ground Landau level. According to their viewpoint of (Lai 2001) , the Thomas-Fermi screening wave-number is given by
where ∂n e /∂ε F is the density of states per unit volume at the Fermi surface. ε F = P 2 F /2m e . From Eq.(6.16) of Lai (2001) , so we have
The Thomas-Fermi screening wave-number will be given by
Using the linear response theory, the energy correction (in atomic units) per cell due to non-uniformity can be calculated and gives by (Lai 2001 )
The uniform electron gas model can be improved by taking into consideration of the Coulomb energy and Thomas-Fermi correction due to non-uniformity of the electron gas.
When the electron density is assumed to be uniform, the screening potential is independent of the magnetic field. The change of the screening potential due to the compressibility of the electrons for the zero-pressure magnetized condensed matter can obtained
2 ).
When we summed of a screening potential with a uniformity distribution and a corrected screening potential with a non-uniformity distribution, the screening potential in a SMF is given by
ESP in FGP model
The influence of SES in a SMF on nuclear reaction was also discussed in detail by Fushiki et al. (1989) (hereafter FGP). The electron Coulomb energy by an amount which in the Wigner-Seitz approximation in a SMF was given by
where E atm (r i , z j ) is the total energy of Wigner-Seitz cell. If the electron distribution is rigid, the contribution to E atm (r i , z j ) from the bulk electron energy cancel, the electron screening potential at high density can be expressed as
where E latt (r i , z j ) is the electrostatic energy of Wigner-Seitz cell and E atm (r i , z j ) = −0.9z
j e 2 /r e . Due to the influence of the compressibility of the electron, the change in the screening potential is given by (Fushiki et al. 1989 )
Thus, the corresponding result for the changes in the screening potential in a SMF is
where (A/z) is the average ratio of A/z , which corresponding to the mean molecular weigh per electron. Thus the electron screening potential in a SMF of FGP model is given by
3. Resonant reaction process and rates
Calculations of resonant reaction rates with and without SES
The reaction rates are summed of contribution from the resonant reaction and non-resonant reaction. In the case of a narrow resonance, the resonant cross section σ r is approximated by a Breit-Wigner expression (Fowler et al. 1967 )
where κ is the wave number, the entrance and exit channel partial widths are Λ i (E) and Λ f (E) , respectively. Λ total (E) is the total width, and the statistical factor, ω is given by
where the spins of the interacting nuclei and the resonance are J 1 , and J 2 , respectively, δ 12
is the Kronecker symbol.
The partial widths is dependent on the energy, and can be written as (Lane et al. 1958 )
The penetration factor ψ l is associated with l and a, which are the relative angular momentum and the channel radius, respectively. a = 1.4(A
2 ) fm. Λ i,f is the partial energy widths at the resonance process. E r and ϑ 2 i,f is the reduced widths, given by
Based on the above analysis, in the phases of explosive stellar burning, the narrow resonance reaction rates without SES are determined by (Schatz et al. 1998; Herndl et al. 1998 )
where N A is Avogadro's constant, A is the reduced mass of the two collision partners, E r i is the resonance energies and T 9 is the temperature in unit of 10 9 K. The ωγ i is the strength of resonance in units of MeV and given by
On the other hand, due to SES the reaction rates of narrow resonance is given by
where F r is the screening enhancement factor (hereafter SEF). The values of E ′ r i should be measured by experiment, but it is too hard to provide sufficient data. In general and approximate analysis, we have E 
where c 1 = 0.2843 and c 2 = 0.4600, and the z, the average charge of ionic, is given by
where n i and n I are the ion densities of nuclear species i and I of the total system, respectively.
The screening enhancement factor (hereafter SEF) in Dewitt model is written as
Liolios model
At astrophysical energies the electron-screening acceleration in laboratory fusion reactions always play a key role and is an interesting problem for astrophysics. Based on a mean-field model, Liolios et al. (2000) studied the screened nuclear reactions at astrophysical energies. The electron screening potential in Liolios screened Coulomb model is given as (Liolios et al. 2000 )
where Ξ = ( 15 8πz
The SEF for the resonant reaction in Liolios model is 
11.605U
Lios 0
The screening model of resonant reaction rates in SMFs
In this Subsection, we will discuss the screening potential in the strong screening limit.
The dimensionless parameter (Γ), which determines whether or not correlations between two species of nuclei (z 1 , z 2 ) are important, is given by
Under the conditions of Γ ≫ 1, the nuclear reaction rates will be influenced appreciably by SES. According to the above three SES models (LD, FGP, LJ) in SMFs, the three enhancement factors for resonant reaction process in SMFs can be expressed as follows The results show that, as a consequence of the field dependence of the screening potential, magnetic fields can significantly increase nuclear reaction rates (Fushiki et al. 1989 ). According to electron screening model of Ref. (Fushiki et al. 1989 ) (hereafter FGP model ) in a SMF, Figure 2 (b) shows the ESP as a function of B 12 under some typical astrophysical conditions. The ESP increases greatly when B 12 < 10 3 and gets to the maximum value of 0.0188 MeV at B 12 = 580.7 and ρ 7 = 0.1. Then the ESP decreases around two orders of magnitude when 10 3 < B 12 < 2 × 10 3 at ρ 7 = 0.1.
The influence of SES in a SMFs on nuclear reaction is mainly reflected by the SEF.
We discuss the influence of SES on SEF by three models (LD, FGP, LJ) from Figure 3 to Dewitt model is larger than those of other three SES models for B 12 < 140, ρ 7 = 0.01 and T 9 < 0.17, shown as in Figure 6 . However, when T 9 < 0.18, ρ 7 = 0.01, the results of our model are larger than those of Dewitt and Liolios. At a relatively high density (e.g., ρ 7 = 0.1), the SEFs of LD, FGP and LJ models decrease due to SMFs and is lower than those of Dewitt model. The results obtained by Dewitt et al. (1976) amount to an overestimation of the screening effect because of their neglect of spatial dependence of the screening function. Table 1 shows some information of SEF for the five typical models at some astronomical conditions. The results of LD, FGP, and LJ are always lower than those of Liolios and Dewitt due to a SMF. The SEF of our model decreases very greatly with increasing of density and temperature when B 12 = 10 3 . It is because that the ESP increases very rapidly as SMF increases. The higher the ESP, the larger the influence on SES becomes. On the contrary, the SEF of LD decreases with increasing of magnetic fields because ESP is reduced.
The SEF of FGP model gets to the maximum of 1.929 when B 12 = 10 3 , ρ 7 = 1, T 9 = 0.5 and then decreases slowly as the density and temperature increase.
The Thomas-Fermi screening wave-number K TF is a very key parameter, which strongly depends on the electron number density and ESP. In consequence the electron number density and ESP will play important roles in a SMF. Lai et al. (1991) , analyzed in detail the electron Fermi energy and electron number density in a SMF based on the works of Canuto et al. (1968 Canuto et al. ( , 1971 Kubo. (1965), and Pathria (2003) . By using the uniform electron gas model and linear response theory, Lai (2001) discussed the electron energy (per cell) corrections due to non-uniformity in a SMF. According to their theory, we study the ESP and the SES model (i.e., LD model). The results show that the ESP decreases as the magnetic fields increase due to the diminution of electron chemical potential. The LD model is valid only in the condition of K TF r i ≪ 1 at lower densities, because they investigated the non-uniformity effect only through detailed electronic (band) structure calculations.
The electron chemical potential is a pivotal parameter, which is closely related to the electron number density and exchange energy. Based on Thomas-Fermi-Dirac approximation, it is given as (Fushiki et al. 1989 )
where w ex is the exchange energy and I(n) can be found in Ref. (Fushiki et al. 1989) . By using the linear response theory, Fushiki et al. (1989) . FGP used the expression of n e ∂n e /∂U F = (3/2)n e /U F in dealing with ∂n e /∂U F . In FGP model, they thought at high density the exchange correction is very small, thus they neglected the exchange correction to ∂n e /∂U F and had n e ∂n e /∂U F = (1/2)n e /U F in a SMF. Due to different ways of dealing with exchange correction under this condition, the SEF of FGP model has some difference compared with other SES models.
According to statistical physics the microscopic state number dxdydzdp x dp y dp z can be given by dxdydzdp x dp y dp z /h 3 in a 6-dimension phase-space. The number of states occupied by completely degenerate relativistic electrons per volume is calculated by (Canuto et al. 1968 (Canuto et al. , 1971 )
∞ −∞ dp x dp y dp z
2n, So, ∞ 0 dp 2 ⊥ → ∞ n=0 ω n , and the ω n is the degeneracy of the n-th electron Landau level in relativistic magnetic field, and can be calculated by (Canuto et al. 1971; Kubo. 1965; Pathria 2003) 
2 e c 2 , and k 2 = 2(n + 1)bm 2 e c 2 .
Based on the works of Peng et al. (2007) ; Gao et al. (2013) , which introduced the Dirac δ-function and considered Pauli exclusion principle, we discuss the SES problem in a SMF. Our results show that the stronger the magnetic field, the higher Fermi energy of electrons becomes. The ESP increases with SMF and the maximum value of ESP is 0.1
MeV in a SMF. The SEF also increases greatly and its maximum approaches to 5.0 MeV (e.g. ρ 7 = 0.01, T 9 = 0.2, B 12 = 10 3 G).
Investigation of the nuclear reaction rates
In the explosive hydrogen burning stellar environments, the nuclear reaction 23 Mg(p, γ) 24 Al plays a key role because of breaking out the Ne-Na cycle to heavy nuclear species (i.e., Mg-Al cycle). Therefore, it is very important to accurate determinate the rates for the reaction 23 Mg(p, γ) 24 Al. However, the resonance energy has a large uncertainty due to the inconsistent 24 Mg( 3 He,t) 24 Al measurements mentioned. So it may lead to a factor of 5 variation in the reaction rate at T 9 = 0.25 because of its exponential dependence on E r (Visser et al. 2007) . Some authors discussed the contributions from several important resonance states, such as (Wallace et al. 1981; Wiescher et al. 1986; Kubono et al. 1995; Visser et al. 2007 ). In order to reduce the uncertainty of the reaction rates in this paper, we reference some information about this reaction and the values of the E r i , E x and corresponding to ωγ i and some average values of ωγ i are adopted and listed in Table 2 .
According to these information, we analysis the total rates for these five SES models. Tables 3 and 4 give a brief description of the factor S i (i = 1, 2, 3) for LD, FGP, and LJ models when B 12 = 10, 10 3 , respectively. As the density and temperature increase, the and LJ models in several typical astronnomical conditions. The former two models are in the case without SES and SMFs, while the latter three models are in the case with SES and SMFs.
B 12 = 10 B 12 = 10 results of LD model are in good agreement with those of FGP, but disagreement with our results at B 12 = 10. This is because that the electron Fermi energy of our model is lower than those of LD and FGP in relatively low magnetic fields. As the magnetic fields increase from B 12 = 10 to 10 3 , the factor S 3 increases about 2 ∼ 3 orders magnitude (i.e., from 0.1749 to 25.5680 and from 0.0022 to 3.8848) when ρ 7 = 0.01, T 9 = 0.1 and ρ 7 = 0.1, T 9 = 0.2, respectively. When B 12 = 10 3 the factor S 3 is about 39.74, 5.69, 1.56 times larger than S 2 (FGP model) at ρ 7 = 0.03, T 9 = 0.2, ρ 7 = 0.05, T 9 = 0.2 and ρ 7 = 0.1, T 9 = 0.2, respectively.
From what has been discussed above, the LD model maybe only adapts to the relatively low magnetic field and low density surroundings. The FGP and LD models are both unadapted to relatively low density, and high magnetic field surroundings (e.g. ρ 7 < 0.1, B 12 > 10 2 ).
However, our model can be well adapted to relatively high magnetic field and low density surroundings (e.g. B 12 > 10 2 , ρ 7 < 0.05). a is adopted from Ref. (Endt 1998) b from Ref. (Visser et al. 2007) c from Ref. (Audi et al. 1995) d from Ref. (Herndl et al. 1998) e from Ref. (Wiescher et al. 1986) f is adopted in this paper Summing up the above discussions, our calculations show that this SES effect in a SMF can increase nuclear reaction rates of 23 Mg (p, γ) 24 Al by several orders magnitude. A more precise thermonuclear rates of 23 Mg (p, γ) 24 Al will help us to constrain the determination of nuclear flow out of the Ne-Na cycle, and production of A ≥ 20 nuclides, in explosive hydrogen burning over a temperature range of 0.2 ≤ T ≤ 1.0 GK.
Conclusions
In this paper, based on the relativistic theory in a SMF, we investigate the problem of SES, and the SES influence on the nuclear reaction of 23 Mg (p, γ) 24 Al by LD, FGP, and LJ strong screening models in a SMF. The results show that the SES thermonuclear reaction rates have a remarkable increase in a SMF. The rates can increase by around three orders of magnitude. For example, when B 12 increases from 10 to 10 3 , the rates increase from 0.1749 to 25.5680 at ρ 7 = 0.01, T 9 = 0.1, and from 0.0022 to 3.8848 at ρ 7 = 0.1, T 9 = 0.2. The -23 - systems. On the other hand, our model for the rates is in good agreement with those of LD and FGP models at relatively low density (e.g., ρ 7 < 0.01) and B 12 < 10 2 . In relatively low magnetic fields (e.g., B 12 < 1), the SES of LD and FGP models have strong influence on the rates compare to our model. However, the rates in our model can be about 1.58 times -24 - and three orders magnitude higher than those of FGP and LD in relatively high magnetic fields and low density surroundings (e.g., B 12 ≥ 10 2 , ρ 7 < 0.05), respectively. The results we derived, may have very important implications in some astrophysical applications for the nuclear reaction, the thermal evolution, and numerical simulation of magnetars.
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